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Abstract
This paper is devoted to Hardy type inequalities with remainders for compactly
supported smooth functions on open sets in the Euclidean space. We establish new
inequalities with weight functions depending on the distance function to the bound-
ary of the domain. One-dimensional L1 and Lp inequalities and their multidimen-
sional analogues are proved. We consider spatial inequalities in open convex domains
with the finite inner radius. Constants in these inequalities depend on the roots of
parametric Lamb equation for the Bessel function and turn out to be sharp in some
particular cases.
subclass: 26D10; 26D15
keywords: Hardy type inequality, distance to a boundary, finite inner radius, addi-
tional term, Bessel function
1 Introduction
Let Ω be an open proper subset of the Euclidean space Rn. Denote by C10 (Ω) the family
of continuously differentiable functions f : Ω→ R with compact supports lying in Ω.
In this study we consider inequalities of Hardy type with weight functions depending
on the distance function δ(x) to the boundary of the domain Ω, i.e.
δ(x) = δ(x,Ω) := dist(x, ∂Ω).
Hardy-type inequalities related to the distance function have been studied for a long time
(see for example [3, 4, 5, 6, 7, 8, 9, 10, 11, 15, 16] and references therein). Let us remark
that Hardy type inequalities with weight functions depending on the hyperbolic radius
1
([2, 12, 13, 14, 23, 24]), distance to R+ [30, 41], distance to the origin [15] are well known
also.
For instance, the following n-dimensional Hardy inequality for convex domains∫
Ω
|∇f(x)|2dx ≥ 1
4
∫
Ω
|f(x)|2
δ(x)2
dx
is valid for any f ∈ C10(Ω). It is well known that the constant 1/4 is sharp for any convex
subdomain of Rn although there is no function f 6≡ 0 for which equality in this inequality
is actually attained (see [16, 17, 18, 19, 20, 21, 28, 29]). We refer to [3, 4, 29] for related
results in non-convex domains.
More precisely, this paper is devoted to generalization and extension of the following
sharp inequality proved by F.G. Avkhadiev and K.-J. Wirths in [5]: If m > 0, 0 < ν ≤
1/m and Ω is a convex domain with finite inner radius
δ0(Ω) = sup{δ(x) : x ∈ Ω},
then for any f ∈ C10(Ω) the following sharp inequality holds
1− ν2m2
4
∫
Ω
|f(x)|2
δ(x)2
dx+
C2
δ0(Ω)m
∫
Ω
|f(x)|2
δ(x)2−m
dx ≤
∫
Ω
|∇f(x)|2dx, (1)
where C = Cν(m) is the constant satisfying the equation
Jν
(
2
m
C
)
+ 2CJ ′ν
(
2
m
C
)
= 0 (2)
for the Bessel function Jν of order ν.
Following papers [5] and [6], we call the quantity Cν(m) defined as a positive root of
the equation (2) the Lamb constant (see also [32] and [34]). In addition, equations of the
form (2) we call Lamb equation.
Note that inequality (1) is valid also for functions that belong the closure H10 (Ω) of
the family C10(Ω) of smooth function with finite Dirichlet integral and supported in Ω. It
should be also stressed that multidimensional inequality (1) is a bridge between Hardy’s
and Poincare’s inequalities and has some specialties like an additional term and sharp
constants (see [5] for more information). That is why we believe that this inequality is
one of the most beautiful inequalities.
M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof and A. Laptev [26] proved that for all
f ∈ H10 (Ω) the following Hardy type inequality∫
Ω
|∇f(x)|2dx ≥ 1
4
∫
Ω
|f |2
δ(x)2
dx+
1
4
K(n)
|Ω|2/n
∫
Ω
|f(x)|2dx (3)
2
holds, where Ω is a convex domain in Rn (n ≥ 2), |Sn−1| is the surface area of the unit
sphere Sn−1 in the Euclidean space Rn, |Ω| is the volume of the set Ω and
K(n) = n
( |Sn−1|
n
)2/n
.
The the constant 1/4 is optimal. In [22], W.D. Evans and Roger T. Lewis improved the
constant in the additional term of (3).
We refer to [6, 22, 26, 31, 32, 33, 34, 35, 36, 40] for other interesting Hardy type
inequalities with additional nonnegative terms. We pay attention only to the fact that
Hardy inequalities with remainders were first obtained by V.G. Maz’ya [30] in the case
where Ω is a half-space and renewed interest in Hardy type inequalities with additional
non-negative terms followed the work of H. Brezis and M. Marcus [16].
Hardy inequalities are used in many branches of mathematical analysis and mathe-
matical physics. For instance, one dimensional Hardy type inequalities are regarded as
a tool from the theory of functions employed in the proofs of embedding theorems for
functional spaces (see the monographs by S.L. Sobolev [38] and V.G. Maz’ya [30]).
In [40], J. Tidblom proved the following inequality for functions f from the corre-
sponding Sobolev space:
cp

∫
Ω
|f(x)|p
δp(x)
dx+
(p− 1)√pi Γ(n+p
2
)
Γ(p+1
2
) Γ(n
2
)
(
|Sn−1|
n|Ω|
) p
n ∫
Ω
|f(x)|pdx

 ≤ ∫
Ω
|∇f(x)|pdx, (4)
where p > 1, Ω is a convex domain in Rn (n ≥ 2), |Sn−1| is the surface area of the unit
sphere Sn−1 in the Euclidean space Rn, |Ω| is the volume of the set Ω, Γ is the gamma
function of Euler and
cp =
(
p− 1
p
)p
.
The constant cp is the best one. Notice that inequality (4) is an extension of the inequality
(3) for p = 2 in the case of arbitrary p > 1.
As we mentioned above we get generalization and extension of (1). Namely, we prove Lp
version of the inequality for p ≥ 1. It is well known that for Lp-spaces with 0 < p < 1 the
Hardy inequality is not satisfied for arbitrary non-negative measurable functions. In spite
of this Hardy type inequalities for 0 < p < 1 also known for non-negative non-increasing
functions (see [17, 18, 19]).
Let the constant cν(m) be a number satisfying the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν),
3
where jν is the first positive zero of the Bessel function Jν of order ν. In this paper we
assume that cν(m) is the first root of the equation.
The last equation for the Bessel function we will call parametric Lamb equation. It is
clear, if λ = 0, then the last equation coincides with equation (2) that F.G. Avkhadiev
and K.-J. Wirths used in [5]. We prove inequalities with constants depending on the roots
of parametric Lamb equation for the Bessel function.
Let us consider 2 particular cases of this conditions.
Example 1. If z = 2
m
cν(m), ν > 0, m > 0 and λ = (1 −mν)/2, then this conditions
take the form
νJν(z) + zJ
′
ν(z) = 0 and z ∈ (0, jν).
Since the following identity for the Bessel function holds
νJν(z) + zJ
′
ν(z) = zJν−1(z), z > 0, ν > 0,
we get that the Lamb constant cν(m) =
m
2
z = m
2
jν−1.
Example 2. If ν = 1/2 and z = 2
m
cν(m), then this conditions take the form
2mz cos z − (4λ+m− 2) sin z = 0 and z ∈ (0, pi).
Note that in [6], F.G. Avkhadiev and K.-J. Wirths proved that the Lamb constant z =
λν(p) defined as the first positive root of the equation
pJν(z) + 2zJ
′
ν(z) = 0
as a function in p can be found as the solution of an initial value problem for the differential
equation
dz
dp
=
2z
p2 − 4ν2 + 4z2 .
For instance, the following are special cases of our results. Let Ω be an open, convex set
in Rn with finite inradius δ0 = δ0(Ω). If p ≥ 1, m > 1, ν ∈ [0, 1/m] and λ ∈
[
0, 1+νm
2
]
,
then for any f ∈ C10(Ω) the following Lp-inequality
(1− pν2m2)
∫
Ω
|f(x)|p
δ(x)2
dx+
4p (c2ν(m) + (m− 1)(λ− λ2))
δm0
∫
Ω
|f(x)|p
δ(x)2−m
dx ≤
pp
(
2(1 + νm)− 4λ2)p ∫
Ω
|∇f(x)|p
δ(x)2−p
dx
4
is valid and if m > 1, ν ∈ [0, 1/m) and λ ∈ [0, 1+νm
2
]
, then for any f ∈ C10(Ω)∫
Ω
|f(x)|p
δ(x)2
dx+
4p (c2ν(m) + (m− 1)(λ− λ2))
(1− ν2m2)δm0
∫
Ω
|f(x)|p
δ(x)2−m
dx ≤
pp
(
2
1− νm −
4λ2
1− ν2m2
)p ∫
Ω
|f ′(x)|p
δ(x)2−p
dx.
Also, if m > 1, ν ∈ [0, 1/m] and λ ∈ [0, 1+νm
2
]
, then there is L2-inequality
1− ν2m2
4
∫
Ω
|g(x)|2
δ(x)2
dx+
c2ν(m) + (m− 1)(λ− λ2)
δm0
∫
Ω
|g(x)|2
δ(x)2−m
dx ≤
≤ 4
(
1 + νm
2
− λ2
)∫
Ω
|∇g(x)|2dx.
Let us compare the last inequality and sharp inequality (1). Obviously, if m > 1, ν ∈
[0, 1/m], λ ∈ [0, 1+νm
2
]
and 1+νm
2
−λ2 ≤ 1/4, then the first constant (1−ν2m2)/4 is sharp
and
c2ν(m) + (m− 1)(λ− λ2) ≤ C2ν (m).
The paper is organized as follows. In Section 2, we prove one dimensional L1 and Lp
inequalities. Also we get the new properties for the Bessel functions. To obtain Lp in-
equalities we use Ho¨lder’s inequality and inequalities of Opial type (see [37]). In Section
3, we establish inequalities in convex domains with the finite inner radius. We prove L1,
L2 and Lp spatial inequalities. To obtain multidimensional inequalities we use Avkhadiev’s
method that allow from one dimensional inequalities get their corresponding spatial ana-
logues. We refer to [10] and [11] for more information on this method (see also [15]). Note
that we give examples of our general results and compare with known sharp inequalities.
In particular, our inequalities with sharp constants (see, for instance, Example 3 and
Corollary 5 bellow).
2 One dimensional inequalities
This section is devoted to one dimensional inequalities. We use these one dimensional
inequalities to obtain their corresponding multidimensional analogues. To begin before we
introduce some notations and give auxiliary statements. Also in this part new properties
of the Bessel function are obtained.
Suppose that m > 0, c > 0 and 0 ≤ ν ≤ 1
m
. We will need the function
y = fν,m(x) =
√
xJν
(
2
m
cxm/2
)
,
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where by Jν we denote the Bessel function of order ν
Jν(x) =
∞∑
k=0
(−1)kx2k+ν
22k+νk!Γ(k + 1 + ν)
, x ∈ [0, 1].
It is known ([5, 6]) that for any c > 0 the function fν,m is a solution of the equation
y′′ +
(
1− ν2m2
4x2
+
c2
x2−m
)
y = 0, x ∈ R, (5)
and fν,m(x) > 0, x ∈ (0, 1] and f ′ν,m(x) > 0, x ∈ (0, 1).
See [42] for more information about the Bessel functions and their properties.
2.1 Auxiliary statements
In the sequel we will use the following lemma.
Lemma 1. Let ν > 0, z ∈ (0, jν), and let jν be the first positive zero of the Bessel function
Jν of order ν. Then
1−
(
Jν−1(z)− Jν+1(z)
Jν−1(z) + Jν+1(z)
)2
− z
2
ν2
=
z2
ν2
(
−1 + Jν+1(z)Jν−1(z)
J2ν (z)
)
.
Proof. Using the following equation for the Bessel function (see [42])
Jν+1(z) =
2z
ν + 1
(Jν(z) + Jν+2(z)) and Jν−1(z) =
2ν
z
Jν(z)− Jν+1(z),
by straightforward computation we obtain
1− (Jν−1(z)− Jν+1(z))
2
(Jν−1(z) + Jν+1(z))2
− z
2
ν2
=
4Jν+1(z)
Jν−1(z) + Jν+1(z)
−
(
2Jν+1(z)
Jν−1(z) + Jν+1(z)
)2
− z
2
ν2
=
=
z2
ν(ν + 1)
Jν(z) + Jν+2(z)
Jν(z)
− z
2
ν2
J2ν+1(z)
J2ν (z)
− z
2
ν2
=
z2
ν2
(
ν
ν + 1
Jν(z) + Jν+2(z)
Jν(z)
− J
2
ν+1(z)
J2ν (z)
− 1
)
=
=
z2
ν2
(
2ν
z
Jν+1(z)
Jν(z)
− J
2
ν+1(z)
J2ν (z)
− 1
)
=
z2
ν2
(
Jν+1(z)
J2ν (z)
(
2ν
z
Jν(z)− Jν+1(z)
)
− 1
)
=
=
z2
ν2
(
−1 + Jν+1(z)Jν−1(z)
J2ν (z)
)
.
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The following lemma holds.
Lemma 2. If m > 0, ν ≥ 0 and y = fν,m(x) =
√
xJν
(
2
m
cxm/2
)
, x ∈ [0, 1], where Jν is
the Bessel function of order ν. Then the function xy
′(x)
y(x)
is decreasing and
sup
x∈[0,1]
xy′(x)
y(x)
= lim
x→0
xy′(x)
y(x)
=
1 + νm
2
,
inf
x∈[0,1]
xy′(x)
y(x)
=
y′(1)
y(1)
=
1
2
+ c
J ′ν
(
2
m
c
)
Jν
(
2
m
c
) .
Proof. Let ν = 0 and z = 2
m
cxm/2. Obviously,
d
dx
(
xy′(x)
y(x)
)
=
y′(x)
y(x)
+ x
(
y′′(x)y(x)− y′2(x)
y2(x)
)
.
Using equation (5) and that y(x) =
√
xJ0
(
2
m
cxm/2
)
, by straightforward computation we
get
d
dx
(
xy′(x)
y(x)
)
=
1
2x
+ cx
m
2
−1J
′
0(z)
J0(z)
− 1
4x
− c
2
x1−m
− x
(
1
2x
+ cx
m
2
−1J
′
0(z)
J0(z)
)2
=
= −c2xm−1
(
1 +
(
J ′0(z)
J0(z)
)2)
≤ 0, z ∈ (0, j0),
where j0 is the first positive zero of J0.
Hence the function xy′(x)/y(x) is decreasing. Consequently,
sup
x∈[0,1]
xy′(x)
y(x)
= lim
x→0
xy′(x)
y(x)
and
inf
x∈[0,1]
xy′(x)
y(x)
=
y′(1)
y(1)
=
1
2
+ c
J ′0
(
2
m
c
)
J0
(
2
m
c
) .
Now we suppose that ν > 0 and z = 2
m
cxm/2, x ∈ (0, 1). Notice that if the first positive
zero of Jν is denoted by jν , then 2c/m ∈ (0, jν) and z ∈ (0, jν).
We also shall show that
A :=
d
dx
(
xy′(x)
y(x)
)
≤ 0.
Obviously,
A =
y′(x)
y(x)
+ x
(
y′′(x)
y(x)
−
(
y′(x)
y(x)
)2)
.
Using equation (5), we get that
A =
y′(x)
y(x)
−
(
1− ν2m2
4x
+
c2
x1−m
)
− x
(
y′(x)
y(x)
)2
.
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Evidently,
y′(x)
y(x)
=
1
2x
+ cx
m
2
−1J
′
ν(z)
Jν(z)
.
Since (see [42, p. 45])
J ′ν(z) =
1
2
(Jν−1(z)− Jν+1(z)) and Jν(z) = z
2ν
(Jν−1(z) + Jν+1(z)) ,
we have
y′(x)
y(x)
=
1
x
(
1
2
+
mν
2
Jν−1(z)− Jν+1(z)
Jν−1(z) + Jν+1(z)
)
.
Consequently,
A =
m2ν2
4x
(
1−
(
Jν−1(z)− Jν+1(z)
Jν−1(z) + Jν+1(z)
)2
− z
2
ν2
)
.
Using Lemma 1 and that z = 2
m
cxm/2, obviously we get
A = c2xm−1
(
−1 + Jν+1(z)Jν−1(z)
J2ν (z)
)
.
It is known that (see [42, p. 152])
z2
4
(
J2ν−1(z)− Jν−2(z)Jν(z)
)
=
∞∑
n=0
(ν + 2n)J2ν+2n(z).
Thus
A = −q
2λ2ν
z2
xq−1
J2ν (z)
∞∑
n=0
(ν + 2n+ 1)J2ν+2n+1(z) ≤ 0.
It remains to check that
lim
x→0
xy′(x)
y(x)
= lim
x→0
(
1
2
+ cx
m
2
J ′ν(
2
m
cxm/2)
Jν(
2
m
cxm/2)
)
=
1 + νm
2
.
Using the expansion for the Bessel function it is easy to obtain that
J ′ν(
2
m
cxm/2)
Jν(
2
m
cxm/2)
=
m
2c
∑∞
k=0
(−1)k(2k+ν)(c/m)2k+νxm2 (2k+ν−1)
k!Γ(k+1+ν)∑∞
k=0
(−1)k(c/m)2k+νxm2 (2k+ν)
k!Γ(k+1+ν)
=
mν
2cxm/2
1 +
∑∞
k=1
(−1)k(2k/ν+1)(c/m)2kΓ(1+ν)xmk
k!Γ(k+1+ν)
1 +
∑∞
k=1
(−1)k(c/m)2kΓ(1+ν)xmk
k!Γ(k+1+ν)
=
mν
2cxm/2
G(x),
where G(x)→ 1 as x→ 0.
Hence,
lim
x→0
(
1
2
+ cx
m
2
J ′ν(
2
m
cxm/2)
Jν(
2
m
cxm/2)
)
= lim
x→0
(
1
2
+
mν
2
G(x)
)
=
1 + νm
2
.
This concludes the proof of Lemma 2.
Corollary 1. If λ→ 1+νm
2
, then the lamb constant cν(m)→ 0.
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2.2 L1 inequalities
This part devoted to L1 inequalities of Hardy type. We will use these inequalities to obtain
Lp inequalities. Note that L1 inequalities also are of independent interest. For example,
in [36], G. Psaradakis obtained sharp homogeneous improvements to L1 weighted Hardy
inequalities involving distance from the boundary.
The following assertion holds.
Lemma 3. Suppose that m > 0, ν ∈ (0, 1/m] and let f be an absolutely continuous
function in [0, 1] such that f(0) = 0 and f ′/x ∈ L1[0, 1]. If λ ∈ [0, 1+νm
2
)
, then
1− ν2m2
4
1∫
0
|f(x)|
x2
dx+ c2ν(m)
1∫
0
|f(x)|
x2−m
dx ≤
(
1 + νm
2
− λ2
) 1∫
0
|f ′(x)|
x
dx+
(
λ2 − λ)
1∫
0
|f ′(x)|dx,
and if λ ≤ 0, then
1− ν2m2
4
1∫
0
|f(x)|
x2
dx+ c2ν(m)
1∫
0
|f(x)|
x2−m
dx ≤
1∫
0
|f ′(x)|
x
(
1 + νm
2
− λx
)
dx,
where c = cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
c
)
+ 2cJ ′ν
(
2
m
c
)
= 0 and
2
m
c ∈ (0, jν).
Proof. Using the inequality |f(x)| ≤ ∫ x
0
|f ′(t)|dt and changing the order of integration in
a multiple integral, we obtain
1∫
0
|f(x)|
x2
(
1− ν2m2
4
+ c2ν(m)x
m
)
dx ≤
1∫
0
|f ′(t)|T (t)dt,
where
T (t) =
1∫
t
(
1− ν2m2
4x2
+
c2ν(m)
x2−m
)
dx.
By differential equation (5) we get
T (t) = −
1∫
t
y′′(x)
y(x)
dx = −
1∫
t
(
y′(x)
y(x)
)′
+
(
y′(x)
y(x)
)2
dx,
9
since
d
dt
(
y′(x)
y(x)
)
=
y′′(x)
y(x)
−
(
y′(x)
y(x)
)2
.
Let us consider two cases:
Case 1: xy′(x)/y(x) ≥ 0, x ∈ [0, 1].
Since xy′(x)/y(x) is decreasing, it is easy to see that
min
x∈[0,1]
(
x
y′(x)
y(x)
)2
=
(
y′(1)
y(1)
)2
≥ 0
and
T (t) = −
1∫
t
(
y′(x)
y(x)
)′
+
(
y′(x)
y(x)
)2
dx ≤ y
′(t)
y(t)
− y
′(1)
y(1)
−
(
y′(1)
y(1)
)2 1∫
t
dx
x2
=
=
y′(t)
y(t)
− y
′(1)
y(1)
+
(
y′(1)
y(1)
)2
−
(
y′(1)
y(1)
)2
1
t
.
By Lemma 2 so that
T (t) ≤ 1
t
sup
t∈[0,1]
ty′(t)
y(t)
− y
′(1)
y(1)
+
(
y′(1)
y(1)
)2
−
(
y′(1)
y(1)
)2
1
t
=
=
(
1 + νm
2
−
(
y′(1)
y(1)
)2)
1
t
+
(
y′(1)
y(1)
)2
− y
′(1)
y(1)
.
Remark that we choose c = cν(m) as the a number satisfying the conditions
y′(1)
y(1)
=
1
2
+ c
J ′ν
(
2
m
c
)
Jν
(
2
m
c
) = λ.
Therefore, 1+νm
2
− λ2 ≥ 0, λ2 − λ ≤ 0 and
1∫
0
|f(x)|
x2
(
1− ν2m2
4
+ c2ν(m)x
m
)
dx ≤
≤
(
1 + νm
2
− λ2
) 1∫
0
|f ′(t)|
t
dt+
(
λ2 − λ)
1∫
0
|f ′(t)|dt.
Case 2: Exist a number x0 such that y
′(x0) = 0. In this case, since xy
′(x)/y(x) is
decreasing, we have that
min
x∈[0,1]
(
xy′(x)
y(x)
)2
= 0
10
and
T (t) = −
1∫
t
(
y′(x)
y(x)
)′
+
(
y′(x)
y(x)
)2
dx ≤ y
′(t)
y(t)
− y
′(1)
y(1)
.
As before,
1∫
0
|f(x)|
x2
(
1− ν2m2
4
+ c2ν(m)x
m
)
dx ≤
1∫
0
|f ′(t)|
t
(
1 + νm
2
− λt
)
dt.
This completes the proof of Lemma 3.
Note that in [5] the authors considered the condition λ = 0. In this case the application
of Lemma 3 yields the following corollary.
Corollary 2. Suppose that m > 0, and let f be an absolutely continuous function in [0, 1]
such that f(0) = 0 and f ′/x ∈ L1[0, 1]. If ν ∈ (0, 1/m], then
1− ν2m2
4
1∫
0
|f(x)|
x2
dx+ c2ν(m)
1∫
0
|f(x)|
x2−m
dx ≤ 1 + νm
2
1∫
0
|f ′(x)|
x
dx,
where c = c(ν,m) is a number satisfying the conditions
Jν
(
2
m
c
)
+ 2cJ ′ν
(
2
m
c
)
= 0 and
2
m
c ∈ (0, jν).
Corollary 3. Suppose that m > 1, and let f be an absolutely continuous function in [0, 1]
such that f(0) = 0 and f ′/x ∈ L1[0, 1]. If ν ∈ (0, 1/m] and λ ∈ [0, 1+νm
2
)
, then
1− ν2m2
4
1∫
0
|f(x)|
x2
dx+
(
c2ν(m) + (m− 1)(λ− λ2)
) 1∫
0
|f(x)|
x2−m
dx ≤
(
1 + νm
2
− λ2
) 1∫
0
|f ′(x)|
x
dx,
where c = cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
c
)
+ 2cJ ′ν
(
2
m
c
)
= 0 and
2
m
c ∈ (0, jν).
Proof. It is known [7] that if m > 1 and f is an absolutely continuous function in [0, 1]
such that f(0) = 0, then the following sharp inequality
(m− 1)
1∫
0
|f(x)|
x2−m
dx <
1∫
0
|f ′(x)|dx
is valid. Using this inequality and Lemma 3, we get Corollary 3.
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The following theorem is extension of Lemma 3 for arbitrary segment cases.
Theorem 1. Suppose that m > 0, ν ∈ (0, 1/m], and let f be an absolutely continuous
function in [a, b] such that f(a) = f(b) = 0 and f ′/x ∈ L1[a, b]. If λ ∈ [0, 1+νm
2
)
, then
1− ν2m2
4
b∫
a
|f(x)|
δ(x)2
dx+
c2ν(m)
δm0
b∫
a
|f(x)|
δ(x)2−m
dx ≤
(
1 + νm
2
− λ2
) b∫
a
|f ′(x)|
δ(x)
dx+
λ2 − λ
δ0
b∫
a
|f ′(x)|dx,
and if λ ≤ 0, then
1− ν2m2
4
b∫
a
|f(x)|
δ(x)2
dx+
c2ν(m)
δm0
b∫
a
|f(x)|
δ(x)2−m
dx ≤
1 + νm
2
b∫
a
|f ′(x)|
δ(x)
dx− λ
δ0
b∫
a
|f ′(x)|dx,
where δ(x) = min{b − x, x − a}, δ0 = b−a2 and the constant cν(m) is a number satisfying
the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Proof. For an arbitrary ρ > 0, the change of variable x = ρτ in the first inequality in
Lemma 3 leads us to
1− ν2m2
4
ρ∫
0
|f(x)|
x2
dx+
c2ν(m)
ρm
ρ∫
0
|f(x)|
x2−m
dx ≤
(
1 + νm
2
− λ2
) ρ∫
0
|f ′(x)|
x
dx+
λ2 − λ
ρ
ρ∫
0
|f ′(x)|dx.
Applying the latter inequality to the functions f(τ) = g(τ + a) and u(τ) = f(b− τ) with
ρ = δ0 = (b− a)/2, we get
1− ν2m2
4
(a+b)/2∫
a
|f(x)|
(x− a)2dx+
c2ν(m)
δm0
(a+b)/2∫
a
|f(x)|
(x− a)2−mdx ≤
(
1 + νm
2
− λ2
) (a+b)/2∫
a
|f ′(x)|
x− a dx+
λ2 − λ
δ0
(a+b)/2∫
a
|f ′(x)|dx,
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and
1− ν2m2
4
b∫
(a+b)/2
|f(x)|
(b− x)2dx+
c2ν(m)
δm0
b∫
(a+b)/2
|f(x)|
(b− x)2−mdx ≤
(
1 + νm
2
− λ2
) b∫
(a+b)/2
|f ′(x)|
b− x dx+
λ2 − λ
δ0
b∫
(a+b)/2
|f ′(x)|dx.
The sum of these two inequalities gives the required statement. The second inequality of
Theorem 1 is proved in the same way.
This completes the proof of Theorem 1.
We will give some examples.
Example 1. If a = −1, b = 1, ν = 1, m = 1 and λ = 1
2
, we get
j′21
3
1∫
−1
|f(x)|
1− |x|dx ≤
1∫
−1
|f ′(x)|
1− |x|dx−
1
3
1∫
−1
|f ′(x)|dx,
where j′1 is the first positive zero of the derivative J
′
1 of Bessel’s function J1 and it is
known that j′1 ≈ 1, 8412 (see [1, p. 411, t. 95]).
For comparison, we give the following sharp inequality from [7].
e
1∫
−1
|f(x)|
1− |x|dx ≤
1∫
−1
|f ′(x)|
1− |x|dx.
Example 2. If a = −1, b = 1, ν = 1 and m = 1, then
c2
1− λ2
1∫
−1
|f(x)|
1− |x|dx ≤
1∫
−1
|f ′(x)|
1− |x|dx+
λ2 − λ
1− λ2
1∫
−1
|f ′(x)|dx,
where c is a number satisfying the conditions
cJ0(2c)
J1(2c)
= λ, 2c ∈ (0, jν) and c→ 0 as λ→ 1.
In the limit when λ→ 1, since
lim
cν→0
c2
1− c2 J20 (2c)
J21 (2c)
= 1 and lim
λ→1
λ2 − λ
1− λ2 = −
1
2
,
the last inequality implies
1∫
−1
|f(x)|
1− |x|dx ≤
1∫
−1
|f ′(x)|
1− |x|dx−
1
2
1∫
−1
|f ′(x)|dx.
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Example 3. If a = −1, b = 1, ν = 0, m = 1 and λ→ 0.5, we get
1∫
−1
|f(x)|
(1− |x|)2dx ≤
1∫
−1
|f ′(x)|
1− |x|dx−
1∫
−1
|f ′(x)|dx.
Above we use that limλ→1/2 c0(1) = 0.
For comparison, we give the following sharp inequality from [11] (see also [33], Corol-
lary 1.).
1∫
−1
|f(x)|
(1− |x|)2dx ≤
1∫
−1
|f ′(x)|
1− |x|dx−
1∫
−1
|f ′(x)|(1− |x|)dx.
2.3 Lp inequalities.
In this section we establish Lp inequalities. We consider inequalities for p ≥ 1 and p = 2.
To prove Lp inequalities for p > 1 we will use Ho¨lder’s inequality and the following
inequalities of Opial type. For more information about Opial’s inequalities we refer to [37].
If f is absolutely continuous on (0, ρ) with f(0) = 0, then the following Opial inequalities
hold:
ρ∫
0
|f(x)|f ′(x)|
x
dx ≤ 2
ρ∫
0
|f ′(x)|2dx (6)
and
ρ∫
0
|f(x)||f ′(x)|dx ≤ ρ
2
ρ∫
0
|f ′(x)|2dx. (7)
The following theorem holds.
Theorem 2. Suppose that p ≥ 1, r ∈ [1, p] and f be an absolutely continuous function in
[a, b] such that f(a) = f(b) = 0. If m > 1, ν ∈ [0, 1/m] and λ ∈ [0, 1+νm
2
)
, then
(1− rν2m2)
b∫
a
|g(x)|p
δ(x)2
dx+
4r (c2ν(m) + (m− 1)(λ− λ2))
δm0
b∫
a
|g(x)|p
δ(x)2−m
dx ≤
pr
(
2(1 + νm)− 4λ2)r
b∫
a
|g(x)|p−r|g′(x)|r
δ(x)2−r
dx
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and if m > 1, ν ∈ [0, 1/m) and λ ∈ [0, 1+νm
2
)
, then
b∫
a
|g(x)|p
δ(x)2
dx+
4r (c2ν(m) + (m− 1)(λ− λ2))
(1− ν2m2)δm0
b∫
a
|g(x)|p
δ(x)2−m
dx ≤
pr
(
2
1− νm −
4λ2
1− ν2m2
)r b∫
a
|g(x)|p−r|g′(x)|r
δ(x)2−r
dx,
where δ(x) = min{b − x, x − a}, δ0 = b−a2 and the constant cν(m) is a number satisfying
the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Proof. Let ρ > 0, and let a function g ∈ C1[0, ρ]. Then f(x) = |g(x)|p belongs to C1[0, ρ],
because
d
dx
|g(x)|p = p|g(x)|p−1g′(x)signg(x)
and the function |g(x)|p−1signg(x) is continuous for p > 1.
The application of Corollary 3 to the function f(x) = |g(x)|p ∈ C1[0, ρ] yields
(1− ν2m2)
1∫
0
|g(x)|p
x2
dx+ 4
(
c2ν(m) + (m− 1)(λ− λ2)
) 1∫
0
|g(x)|p
x2−m
dx ≤
4p
(
1 + νm
2
− λ2
) 1∫
0
|g′(x)||g(x)|p−1
x
dx.
Using the convex inequality(see [27, p. 37])
ap1bp2 ≤
(
p1a+ p2b
p1 + p2
)p1+p2
(8)
to the quantities
a =
|g(x)|p
x2
, b = pr
(
2(1 + νm)− 4λ2)r |g(x)|p−r|g′(x)|r
x2−r
, p1 = 1− 1
r
, p2 =
1
r
,
we get
(1− rν2m2)
1∫
0
|g(x)|p
x2
dx+ 4r
(
c2ν(m) + (m− 1)(λ− λ2)
) 1∫
0
|g(x)|p
x2−m
dx ≤
pr
(
2(1 + νm)− 4λ2)r
1∫
0
|g(x)|p−r|g′(x)|r
x2−r
dx.
15
Taking into account (8) to the quantities
a =
|g(x)|p
x2
, b = pr
(
2
1− νm −
4λ2
1− ν2m2
)r |g(x)|p−r|g′(x)|r
x2−r
, p1 = 1− 1
r
, p2 =
1
r
,
we get
1∫
0
|g(x)|p
x2
dx+
4r (c2ν(m) + (m− 1)(λ− λ2))
1− ν2m2
1∫
0
|g(x)|p
x2−m
dx ≤
pr
(
2
1− νm −
4λ2
1− ν2m2
)r 1∫
0
|g(x)|p−r|g′(x)|r
x2−r
dx.
Hence, we have inequalities on [0, 1]. As before, to get inequalities in arbitrary segment
[a, b] we use change of variables.
This concludes proof of Theorem 2.
If we put that in Theorem 2 r = p and
2(1 + νm)− 4λ2 ≤ 1, 2
1− νm −
4λ2
1− ν2m2 = 1
we obtain the following assertion.
Corollary 4. Suppose that p ≥ 1, m > 1, ν ∈ [0, 1/m], and f be an absolutely continuous
function in [a, b] such that f(a) = f(b) = 0. If λ ∈
[√
1+2νm
4
, 1+νm
2
)
, then
(
c2ν(m) + (m− 1)(λ− λ2)
) 4p
δm0
b∫
a
|g(x)|p
δ(x)2−m
dx
≤ pp
b∫
a
|g′(x)|p
δ(x)2−p
dx− (1− pν2m2)
b∫
a
|g(x)|p
δ(x)2
dx
and if λ = 1+νm
2
, then
b∫
a
|g(x)|p
δ(x)2
dx+
p (m− 1)
δm0
b∫
a
|g(x)|p
δ(x)2−m
dx ≤ pp
b∫
a
|g′(x)|p
δ(x)2−p
dx,
where δ(x) = min{b − x, x − a}, δ0 = b−a2 and the constant cν(m) is a number satisfying
the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
2 + cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
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Now, we establish other L2 inequalities. Namely, the following theorem is valid.
Theorem 3. Suppose that p ≥ 1, r ∈ [1, p], and let f be an absolutely continuous function
in [a, b] such that f(a) = f(b) = 0. If m > 1, ν ∈ [0, 1/m] and λ ∈ [0, 1+νm
2
)
, then
1− ν2m2
4
b∫
a
|g(x)|2
δ(x)2
dx+
c2ν(m) + (m− 1)(λ− λ2)
δm0
b∫
a
|g(x)|2
δ(x)2−m
dx ≤
4
(
1 + νm
2
− λ2
) b∫
a
|g′(x)|2dx,
and if m > 0, ν ∈ [0, 1/m) and λ ≤ 0, then
1− ν2m2
4
b∫
a
|g(x)|2
δ(x)2
dx+
c2ν(m)
δm0
b∫
a
|g(x)|2
δ(x)2−m
dx ≤ (2(1 + νm) + |λ|)
b∫
a
|g′(x)|2dx,
where δ(x) = min{b − x, x − a}, δ0 = b−a2 and the constant cν(m) is a number satisfying
the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Proof. The application of Corollary 3 to the function f(x) = |g(x)|2 ∈ C1[0, ρ] yields
1− ν2m2
4
1∫
0
|g(x)|2
x2
dx+ (c2ν(m) + (m− 1)(λ− λ2))
1∫
0
|g(x)|2
x2−m
dx ≤
2
(
1 + νm
2
− λ2
) 1∫
0
|g(x)||g′(x)|
x
dx.
Combining the last inequality and (6), we get
1− ν2m2
4
1∫
0
|g(x)|2
x2
dx+ (c2ν(m) + (m− 1)(λ− λ2))
1∫
0
|g(x)|2
x2−m
dx ≤
4
(
1 + νm
2
− λ2
) 1∫
0
|g′(x)|2dx.
The application of lemma 3 to the function f(x) = |g(x)|2 ∈ C1[0, ρ] yields
1− ν2m2
4
1∫
0
|g(x)|2
x2
dx+ c2ν(m)
1∫
0
|g(x)|2
x2−m
dx
2
(
1 + νm
2
) 1∫
0
|g(x)||g′(x)|
x
dx+ 2|λ|
1∫
0
|g(x)||g′(x)|dx,
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where λ ≤ 0. Hence, using a(6) and (7), we obtain
1− ν2m2
4
1∫
0
|g(x)|2
x2
dx+ c2ν(m)
1∫
0
|g(x)|2
x2−m
dx ≤ (2(1 + νm) + |λ|)
1∫
0
|g′(x)|2dx.
3 Inequalities in convex domains of the Euclidean space
R
n.
This section is devoted to multidimensional analogues. We consider inequalities in a convex
domain Ω with finite inner radius. To prove inequalities in domains we use Avkhadiev
F.G. method from [10] (see also [7], [11]). This method based on special approximations
and partitions of the integration domain Ω by cubes. In the case of convex domains the
proof multidimensional Hardy inequalities is reduced to the application of one-dimensional
inequalities (see [5] and [15]).
Let Ω is an open and convex set in Rn with finite inradius
δ0 = δ0(Ω) = sup
z∈Ω
δ(x),
where δ(x) = dist(x, ∂Ω). By C10(Ω) denote the family of continuously differentiable
functions f : Ω→ R with compact supports lying in Ω.
As we mentioned above, for a convex domain the situation is simple and one-
dimensional inequalities are extended straightforwardly to the spatial case. Namely,
Avkhadiev’s method is reduced to the following statement.
Theorem A. Let Ω be an open, convex set in Rn with finite inradius δ0 = δ0(Ω). If,
for α ∈ (0, δ0] and nonnegative constancs b, c
α∫
0
|f ′(t)|p
ts−p
dt ≥ b2
α∫
0
|f(t)|p
ts
dt+
c2
δm0
α∫
0
|f(t)|p
ts−m
dt, f ∈ C10(0, 2α),
then ∫
Ω
|∇f(x)|p
δ(x)s−p
dx ≥ b2
∫
Ω
|f(x)|p
δ(x)s
dx+
c2
δm0
∫
Ω
|f(x)|p
δ(x)s−m
dx, f ∈ C10(Ω).
3.1 L1 inequalities.
Combining Theorem A and Theorem 1, we obtain the following statement.
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Theorem 4. Let Ω be an open, convex set in Rn with finite inradius δ0 = δ0(Ω). Suppose
that m > 0, ν ∈ (0, 1/m], f ∈ C10(Ω) and |∇f |/δ(·) ∈ L1(Ω). If ν ∈ (0, 1/m] and
λ ∈ [0, 1+νm
2
)
, then
1− ν2m2
4
∫
Ω
|f(x)|
δ(x)2
dx+
c2ν(m)
δm0
∫
Ω
|f(x)|
δ(x)2−m
dx ≤
(
1 + νm
2
− λ2
)∫
Ω
|∇f(x)|
δ(x)
dx+
λ2 − λ
δ0
∫
Ω
|∇f(x)|dx,
and if λ ≤ 0, then
1− ν2m2
4
∫
Ω
|f(x)|
δ(x)2
dx+
c2ν(m)
δm0
∫
Ω
|f(x)|
δ(x)2−m
dx ≤
1 + νm
2
∫
Ω
|∇f(x)|
δ(x)
dx− λ
δ0
∫
Ω
|∇f(x)|dx,
where the constant cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Combining Theorem A and Corollary 3, we obtain the following theorem.
Theorem 5. Let Ω be an open, convex set in Rn with finite inradius δ0 = δ0(Ω). Suppose
that m > 1, f ∈ C10(Ω) and |∇f |/δ(x) ∈ L1(Ω). If ν ∈ (0, 1/m] and λ ∈
[
0, 1+νm
2
)
, then
1− ν2m2
4
∫
Ω
|f(x)|
δ(x)2
dx+
c2ν(m) + (m− 1)(λ− λ2)
δm0
∫
Ω
|f(x)|
δ(x)2−m
dx ≤
(
1 + νm
2
− λ2
)∫
Ω
|∇f(x)|
δ(x)
dx,
where c = cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
3.2 Lp inequalities.
Combining Theorem 2, Theorem 3 and Theorem A., we obtain spatial analogues of the
one-dimensional inequalities from section 2.2. Namely, we get
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Theorem 6. Let Ω be an open, convex set in Rn with finite inradius δ0 = δ0(Ω). Suppose
that p ≥ 1 and f ∈ C10 (Ω). If m > 1, ν ∈ [0, 1/m] and λ ∈
[
0, 1+νm
2
)
, then
(1− pν2m2)
∫
Ω
|g(x)|p
δ(x)2
dx+
4p (c2ν(m) + (m− 1)(λ− λ2))
δm0
∫
Ω
|g(x)|p
δ(x)2−m
dx ≤
pp
(
2(1 + νm)− 4λ2)p ∫
Ω
|∇g(x)|p
δ(x)2−p
dx,
and if m > 1, ν ∈ [0, 1/m) and λ ∈ [0, 1+νm
2
)
, then∫
Ω
|g(x)|p
δ(x)2
dx+
4p (c2ν(m) + (m− 1)(λ− λ2))
(1− ν2m2)δm0
∫
Ω
|g(x)|p
δ(x)2−m
dx ≤
pp
(
2
1− νm −
4λ2
1− ν2m2
)p ∫
Ω
|g′(x)|p
δ(x)2−p
dx,
where the constant cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Theorem 7. Let Ω be an open, convex set in Rn with finite inradius δ0 = δ0(Ω). Suppose
that f ∈ C10(Ω) and |∇f | ∈ L2(Ω). If m > 1, ν ∈ [0, 1/m] and λ ∈
[
0, 1+νm
2
)
, then
1− ν2m2
4
∫
Ω
|g(x)|2
δ(x)2
dx+
c2ν(m) + (m− 1)(λ− λ2)
δm0
∫
Ω
|g(x)|2
δ(x)2−m
dx ≤
4
(
1 + νm
2
− λ2
)∫
Ω
|∇g(x)|2dx,
and if m > 0, ν ∈ [0, 1/m) and λ ≤ 0, then
1− ν2m2
4
∫
Ω
|g(x)|2
δ(x)2
dx+
c2ν(m)
δm0
∫
Ω
|g(x)|2
δ(x)2−m
dx ≤ (2(1 + νm) + |λ|)
∫
Ω
|∇g(x)|2dx,
where the constant cν(m) is a number satisfying the conditions
(1− 2λ)Jν
(
2
m
cν(m)
)
+ 2cν(m)J
′
ν
(
2
m
cν(m)
)
= 0 and
2
m
cν(m) ∈ (0, jν).
Corollary 5. If m > 1, ν ∈ [0, 1/m], λ ∈ [0, 1+νm
2
)
and 4
(
1+νm
2
− λ2) ≤ 1, then the first
constant (1− ν2m2)/4 is sharp and
c2ν(m) + (m− 1)(λ− λ2) ≤ C2ν (m).
Proof. This corollary immediately follows from Theorem 7 and sharp inequality (1).
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